Andrew Gloag
SAT II x-block
Note-sheet – week 1


Complex & Imaginary Numbers

· Normally, we cannot take the square root of a negative number

· We get around this with imaginary numbers
· An imaginary number is a number whose square is negative (i.e. x2 < 0)

· The simplest imaginary number is 
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 and it is called i.

· In other words i2 = -1
We can easily look at higher powers of i:

· i = 
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 = -1

· i3 = (i2) · i = -1 · i = -i
· i4 = (i2)2 = (-1)2 = 1

· i5 = i4 · i = i
· and so on and so on……

We can also look at lower powers of i:

· i 0 = 1 (pretty much anything0 = 1)

· i -1 = - i   ( to prove, set x = 
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, then x·i2= i and since i2 = -1, then –x = i)
· i -2 = (-i)2 = -1
· i -3 = i -2 · i -1 = -1 · -i = i
· and so on and so on……

A cool thing to look at is fractional powers of i:

· 
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so we look at what, when squared, gives i?
· Prove that the answer is  ½(i +1) 
Notice that the last bracket there (i + 1) has a mix of imaginary and real numbers!

· Such a mix is called a complex number.
· The solution to an unsolvable quadratic will most likely be complex. WHY?
· The real part is simply the part that has no i.  Re(3 + 7i) = 3  

· The imaginary part is the part that does have the i.  Im(3 + 7i) = 7i (or sometimes just 7)
To find the complex conjugate of a complex number, swap the sign of the imaginary part
· The complex conjugate of (3 + 7i) is simply (3 – 7i)
· Complex solutions to quadratics will always be conjugate pairs. WHY?
· When you multiply a complex number by its conjugate the answer will always be real. WHY? 
· If you look at a complex number (a) & it’s conjugate (a*) on the complex plane, a · a*  is the square of the magnitude of a. WHY?
Show that a + a*  = 2 · Re(a)    and also that  a – a*  = 2 · Im(a)

· Exponentials and Logarithms
Part One. Exponential growth and decay

Figure one shows a typical exponential graph. You should plot this on your graphing calculator. 

· Why does the graph go through (0,1)?
· What does the graph of 4x look like?

· What does the graph of 2(2x) look like?
· What does the graph of (½)x look like? 
· How about the graph of 2(-x) ?

- Sketch these on the graph opposite.

[image: image6.emf]y=2

0

1

2

3

4

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

x value

y value

x



Exponentials crop up whenever a quantity is repeatedly increasing or decreasing by a fixed ratio (such as doubling or halving, for example).
Example 1

Consider an investment account that pays interest at 10% per year. If we start with a fixed quantity of money, say $100 then after 1 year we will have $110 in our account. Let’s take a closer look how our money grows:

	Years invested 
	Calculation of money in account (y)
	Formula

	0
	100
	= 100

	1
	100·(1.1)
	= 100 · (1.1)

	2
	100·(1.1)·(1.1)
	= 100 · (1.1)2

	3
	100·(1.1)·(1.1)·(1.1)
	= 

	4
	100·(1.1)·(1.1)·(1.1)·(1.1)
	

	5
	
	

	n
	
	


Does the formula you wrote for year n work for year 1? 

What about year 0? 
Explain……

Example 2

The number of cells in a culture dish doubles every hour. If there are 20 cells at midday, how many cells are there at midnight?
Example 3
One person in Manhattan contracts bird flu. The number of infections doubles every six hours. How long before half of the city is infected?

Example 4
Since the Three Gorges Dam was built on the Yangtze river in 2004, the wetlands near Shanghai have been eroding at a rate of 2% per year.   How much of the original wetlands remain after a decade? How long before less than a third of the original wetlands remain?
Example 5

Between 1999 and 2005, the cost of a house in San Diego increased at a steady rate of 20% per year. I bought my house in 2003 for $300,000. Assuming the same growth rate holds for all time before and after, how much was the house when it was originally built in 1969? How much will it be worth when Peter turns 21?

Part Two. Introducing logarithms
Clearly when we have an easy question on exponential growth (or decay) we can look at the math and see the answer pop out at us. For example we can easily solve the equation
2x = 8 
by remembering that 

8 = 2·2·2 = 23 , so in this case x = 3. But how do we solve 2x = 7 , when 7 is not a power of 2?
John Napier’s logarithms

Plot, using your graphing calculator, y = 10x

window: { -2 ≤ x ≤ 2 }
{ -10 ≤ y ≤ 100 }
You will notice that the function is one-to-one meaning that there is only one value of y for each value of x and vice-versa. 
For any positive number (a) there exists another number (b) so that a = 10b
And so for another positive number (c) there also exists a number (d) so that c = 10d
Now consider you want to multiply together number a and number c. Let’s say that the answer (though we don’t know it yet) is going to be called e. 

It is obvious that  e = a · c 
but you should also see that this must mean that e = 10b · 10d
Remember that our relationship above also means there exists a number (f) so that e = 10f
Write down f in terms of  b and d:
f = 
Now do the following with the TRACE function on your calculator.

Find: 
10 ^ (0.5)

10 ^ (1.5)

10 ^ (-0.5)

Pick two points at random on your graph. Write down the x and y co-ordinates IN FULL:

X1 = 




Y1 =

X2 = 

Y2 =

Now WITHOUT USING YOUR CALCULATOR find the following:

ZX = X1 + X2 =
ZY = Y1 · Y2 = 

Use ZOOM and/or TRACE to find the co-ordinates of the point that has an x value of exactly ZX.

y-value = 

Why would this graph be of use to the Royal astronomers in the early 17th century?

Part Three. Logs to base 10
John Napier collected values for x and 10x. He publishes tables of these numbers, arranged in such a way that if you look up any given number, (say a) the table would show you the number b such that a = 10b. He called his new construct logarithms (from the Greek logos meaning ratio and arithmos, meaning number)  
Mathematicians of the day used the tables like this: 

Imagine I need to multiply two numbers 1934.86  and 3.70286
First I look up the log of each number:
log(1934.86) = 

(they would use Napier’s tables

 – you may use a calculator)

log(3.70286) =







       + ----------------------

Next I add the two logs together:


          _______________

Finally I look up the inverse log (ie 10x) of this number:      ________________

· Check that this indeed gives the correct answer:     ________________ 

· How could you calculate 1934.86 ÷ 3.70286 using logs?

We can now define the logarithm to base 10 thus:

For any number x, the log to base 10 of x is such that log(x) = y where 10y = x. 

In other words the logarithm is the inverse function for the exponential function!

Properties of logs:
· Can we take logs of negative numbers? Why?

· How does the log of a number x (ie: log(x)) compare with the log of it’s reciprocal (ie:  log(1/x))?

· How does the log (to base 10) of a number x compare to the log of 10x or 1000x?

· What, approximately, would the log (to base 10) of a 40 digit whole number be?
· How does the log of a number x compare to the log of x2,  x3,  or xn ?
· What is the log of  x·yz in terms of log(x), log(y) etc…?
Part Four. Properties of logs II
Below are the  4   6 most useful properties of logs.


1. The graph of 10x is always positive. There is no real 

We cannot take logs

value of x for which 10x gives a negative number, so… 

of negative numbers!


2. The graph of (0.1)x is identical to the graph of 10-x. so..
log(1/x) = -log(x)

3. The quantity 10x · 10y = 10(x+y) so…



log (a·b) = log(a) + log(b)


4. The quantity 10x ÷ 10y =




log(a÷b) = 


5. The quantity (10x)y is equal to 10(x·y) so…


log(ab) = b·log(a)


6. The quantity 10





log(1) =
Logs and Exponentials

Logs are REALLY useful when we use them to solve exponential equations. Look back to Example 1 in the text. Suppose we need to know how long it would take our $100 to increase in value to $100,000

First, write out the formula for the amount in our account after n years:

        y = 100·(1.1)n
Then we take logs of both sides…





log(y) = log(100·(1.1)n)

Split the multiplier…






log(y) = log(100) + log((1.1)n)

Bring down the exponent…






log(y) = log(100) + n·log(1.1)

Rearrange the equation…






        n = 
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Finally, substitute the required value for y and solve... 


n = 

Questions: (USE LOGS! Show working on reverse)
1. Money kept under the mattress loses value as its buying power is eroded by inflation (currently 4% per year). If I stash enough cash to buy a Lexus now ($30,000), what car can I buy with the money in 10 years time? What about in 30 years time?

2. How long does it take to double your money with an investment that pays interest at 7.5% per year?

3. For every 2 rabbits one year there are 7 the next. How many years does it take for a colony 10 rabbits to grow to a population rivaling that of L.A. (3 million)?
4. The cost of memory chips is halving every 10 months. Office Depot advertised a 2GB flash drive for $109.95 on Sunday. How much would I save by buying it the next week?

5. The radioactivity of a certain sample at time t (in days) is given by R(t)  = 500·e-0.01t. What is the half-life of the sample?
Part Five. Bases other than 10
What’s a base?

When we started we looked first at the graph of 2x. Then we jumped (via Napier) to look at 10x. It should be becoming clear that all these graphs (2x, 4x, 10x…) share very similar properties, and that we could use any one as the basis for our new function, the logarithm.

Napier chose to use 10x (after many talks with Henry Briggs, an Oxford professor) and so nowadays the term  log(a) (without any other qualifiers) tends to mean the number, b, for which a = 10b.  However, if history had been different and he had studied the graph of 2x, it could just as easily mean the number for which a = 2b. 

Mathematically, we can use any number* as the base for our logarithm, so we often need to specify which number we are actually using when we take logs. The base is written as a subscript after the word log.

So 

log10(100) means the log to base 10 of the number 1000 (in this case 3, as 1000 = 103).
Similarly,
log3(27) means the log to base 3 of the number 27 (again 3, as 27 = 33).

Examples
Evaluate:
log4(16)



log2(1024)



log16(4)

Changing the base of logs

We can quickly and easily switch between bases when we use logs if we remember and apply the properties of the logarithm function. Suppose we know the log of a to base 10 but want to know the log to base 2…


log10(a) = b 
where 
   10b = a
we need
 
log2(a)     
which is

log2(10b)

log2(10b) equals   b·log2(10), and given that b is equal to log10(a)… 



log2(a) = log2(10)·log10(a)


or more generally

logm(a) = logm(n) ·logn(a)

As a final note, if we look at the term log2(10) and say for now that this quantity equals a number c, then

log2(10) = c,
i.e.:  2c = 10     take logs base 10 of both sides,   log10(2c) = c·log10(2)    =    log10(10) = 1


in other words, 
log2(10)·log10(2)  =   1

or


[image: image8.wmf])

2

(

log

1

)

10

(

log

10

2

=


so generally 
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and 


[image: image10.wmf])

(

log

)

(

log

)

(

log

m

a

a

n

n

m

=


Examples

Find exactly and numerically: 
a) log2(25)

b) log17(0.1)
* - In reality we cannot use any number as a base for logs… What are some numbers that will not work?
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